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THE STROKE FUNCTlON I N '  NATURAL DEDUCTION 

by ROBERT PRlCE in Univcrsity Park, Pennsylvania (USA) 

I will give three independcnt and consistent rulcs for the stroke function which 
yield thc complctc scntcntial calculus with suitablc dcfinitionu. Two principal 
fragments, one of which yields tlic coinpICte scntcntial calculus in implication and 
negation with suitablc dafinitionu, will also bc discussed. 

The convcntions of derivation, which derive from G. GENTZEN, arc due to  
F. B. FITCH~). Adequate formulations of tllc syntax arc available in the literature 
and need not be rcpcated here. The reader should note that, as the systeni is 
axiomlcss and the rules arc schcmat,a, the usual rule of. substitutioii is availablc. 
All rulcs are stnted sehcmatically. 

I. Thc Rulrs of tlic Syst,ciii 

hypothesis f ICr S t r o k e  I n t r o d u c t i o n  ( I I ) :  
. I I .  

y 1 (I assumj)tion (i. c . ,  it is assumed t,hnt 
this deduction can be completed). 

3 Plrl 1-23 I I  
Strol ic  E l imina t ion  ( I E l :  hypothesis 

hypothcsis 2 I q I p 

Doublc  S t roke  
E l imina t ion  ( 1 1  E ) :  1 p hypothcsis 

2 (q I q )  1 p hypothesis 

3 q  I 1 ,  2,  p 
__ 

I) For details confer P. 13. RTCJI, Symbolic Logic, h'ew Tork 1'352. l'ertical lines to tlic right 
of other lines iiinrk off subordinntc proofs. Steps in R subordinatc proof may not bc rcpwtccl iu 
a proof to which that subordinate proof is subordinatc. 
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11. Tlic Coasistciicy of t81ie Syslciii 

Givcii tlic staiidarcl mntrix for thc PIERCE-SIIEFFER stroke function conclusions 
reachcd by thc eliinination rules will have thc valuc 1 when thcir hypothcscs do. 
(q Iq )  will linvc the value 1 wlicn p docs, but tlicii q has thc valuc 0 ,  wlicrc p is premise 
and (q Iq) is conclusion of rl. subordinatc proof imnicdiatcly prcccding n linc rcachcd 
by stroke introdurtion. But, if p and q cannot both have the valne  on^, then ( p l q )  
must have tlie valuc onc. Q. E. I). 

*1 

*2 

3 

The matris: 

3 2 1  

3 3 1  

1 1 2  

- I; 0 

7 0 O 1 1  

111. TIldcperldcllcc 

Stroke I n t r o d u c t i o n  : Tf we interpret stroke as conjii~~ctio~i it can readily be 
secn that thc eliinination rules hold in any standard systcm but, thc introduction 
rule docs not. 

Double  S t r o k e  E l i m i n a t i o n :  It can be seen that only this rulc will yicltl a 
conclusion of minimum length, where that conclusion is not included ninoiig tlir 
hypotheses. 

S t r o k e  E l imina t ion  : The matrix following, whcrc * marks tlic dcsignatcd 
truth valucs, can bc secn to satisfy all rules cxccpt strolie elimination. (Where p 
has the vnluc 2 ,  and q has tlic valuc 1 , (Q Iq) hns the valuc 3.) 

The matrix: 
* *  

1 1  2 3  

IV. Tlic Systeiii is Complete 

NICOD’S Axiom and Rules may bc derived witliin the systcm. But thcsc are complctc, 

1) S u b s t i t u t i p n :  This is available, as has been indicated abovc?. 

2) D e t a c h m e n t :  This is C 3  among the schcmata derived below. 

3) Nicod’s Axiom : This is C 5 among tlic schcmatn dcrived bclo~. .  

hence, as the systcni is consistent, it is complctc. 



THE STROXE FUNCTION IN NATURAI. 1)EI)UC‘TIOS 119 

1‘. Fraginciits 

If we limit oursclvcs to the above thrcc rulcs tlic following arc cspccially intcrcsting. 
In both cases ( -p)  is introduced by definition as ( P I P )  and ( p  2 4) is introduced 
as ( ( ! l l d l P )  

1) Stroke Introduction and Strokc Eliinination togcthcr will yield thc standard 
introiluctioii rtilcs in iniplication and negation but only restricted forms of tlic 
elimination rulcs. Thesc rules are derived schemata A l - A 6 .  We have a t  
least thc full scntcntial calculus in implication and negation for negations. 
I. e., propositions of thc form ( P I P ) .  

2) Stroke Introduction and Double Stroke Elimination togcthcr will yield the 
full scntential calculus in implication and negation. These rulcs arc derived 
sohcniata 12 1 --R 6. 

In  both cases wc have sufficiently rich scheniata to obtain the full  sentcntial 
calculus by reintroducing “strokc” and the remaining “truth functions” with iicw 
definitions but our primitive stroke and our variables will need radical rcintcr- 
pretat ion. 

3 
4 

VI. Derived Scheinat,a 

A. Thc following proofs use Stroke Introduction and Stroke Eliniination oiily. 

A I .  Res t r i c t ed  Kcgnt ion  E l imina t ion  (X - E )  

P 

4 
414 1: P I P  

P 

-PI P 

41 P 
III cl 

A 2. Negat ion  I n t r o d u c t i o n  (-1) 

hypotliesis 
hypotlicsis 
hypo t,h esis 
2 ,  repctition 
3-4,II 
1, 5, IE 

hy potliesis 

assumption 
assuniption 
2 , 3 ,  K -23 

5 I P I P  1-4, I I 
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A 8 .  Double  Negat ion  I n t r o d u c t i o n  (- - I ) .  

P hypothesis 
hypothesis 
1, repetition 
2, 3, R - E  

- PIp 
(PI P) I (PI P) 

(PlP)l(PIP)  2-4, 1 I 

A 4. Res t r i c t ed  Double  Negat ion  El imina t ion  (R - N E ) .  

A 5. Res t r i c t ed  Irnpl icat ion E l imina t ion  ( R 2  E ) .  

A 6. Impl ica t ion  In t roduc t ion  (31). 

hypothesis 
hypothcsis 

assumption 
1 ,  rcpretition 
2-4, - I  
1-5, / I  
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B. The following proofs use Stroke Introduction and Doiible Strokc Elimination 
only. 

B 1. Negat ion  El i ininnt ion ( W E ) .  

hypothcsis 
hypothesis 
hypothesis 
2 ,  repetition 
3-4, Ir 
1 ,  5, l lE'  

B 2. Negatioii I n t r o d u c t i o n  (-1). 

B 3. Double Negat ion  I n t r o d u c t i o n  (- -1). 

These are proofs iclcnticnl to  proofs of A 2 and A 3 above except that Negation 
Elimination rep1nct.s Rcstrictcd Negntion Elimihation in step 4 of both. 13 G below 
is simply identical to A G .  

R4. Double h 'cgat ion E l imina t ion  (- - E ) .  

B 5. ' In ipl icat ion El imina t ion  ( 2 E ) .  

B 6 .  Impl ica t ion  I n t r o d u c t i o n  (1Z). Sce abow 

hypothesis 
h ypothrsis 
2 ,  - - I  

2,  3, 
1 ,  4 ,  lp 

h ypotliesis 
hypotliesis 

1, 2,  ( ( E  

C. Thcsc proofs use Stroke Introduction, both eliniiiiation rulcs, and sclicninbix 
derived above. 
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C 1. Coniniut ivi ty  for  S t roke  (IConim). 

3 

C 2. Tauto logy  (Taut). 

3 I PI(PIY) 

C 3. Rulc of Detacl inir i i t  (Nieod). 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 

C4. Sccond Rule of De tachmen t  (Doein). 

1 

2 

3 
4 
5 

6 
7 
8 
9 

10 
11 

hypothcsis 
hypothesis 
1, rcpetition 

2 ,  3 ,  p 
2-4, II  

hypothesis 
1 ,  " I  
1-2, Ii 

hypothcsis 
hypothesis 
hypothesis 
hypothesis 
3 ,  repetitioii 
4-45, [ I  

1,  7 ,  IE 

2 ,  repetition, 1 Coiiim 

3-8,  - I  
9 ,  - - E  

hypothcsis 
hypothcsis 
hypot,hesis 
hypot licsis 
3 ,  repetitioii 

6 ,  IConini 
2 ,  I Coinm, rcpct,ition 

1,  8, IE  
3-9, - I  
10, --I3 

4-5, [ I  
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C5. Nicod’s A x i o m .  

123 

1 
2 
3 
4 

5 

ti 

7 
8 
9 

10 
11 

hypothesis 
hypothesis 
Taut 
3 ,  1,  repetition, Docin 
hypothcsis 
5 ,  2, repetition, Docin 
4 ,  rcpctition 

6, 7,  IE 
5-8,  ( I  
3, 1, repetition, Nicocl 
2-10, --I 

(Eingegangcn nm 19. April 10G1) 


